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Abstract—The vanilla European barrier options on stocks
with the condition that the market closes and opens periodically
in a day are given analysis. Inspired by Vitalis Siven et al.,
Barrier options and lumpy dividends 2009, we show that in the
Black-Scholes model under the principal risk-neutral analysis
with the cash market close, dividend-free barrier option prices
can be expressed in terms of well-behaved one- or multi-
dimensional integrals, depending on the number of simulation
days. With more than one day, the higher integral dimensions
cause more computational power and longer time, but we show
that especially for the down-and-out barrier options, the option
prices for longer simulation periods can be approximated
directly.
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integration, down-and-out call

I. INTRODUCTION

The close of the underlying stock market affects stock price
dynamics and consequently the pricing of equity derivatives.
After the market has closed, the invisibility of the stock price
paths comes into existence. For example, if the price path
touches the barrier level during the closing time of the market,
we can not assume it is absorbed since we can not observe the
price paths like what we do when the market is open. Due to
the invisibility of the price path when the market is down, the
option type turns into a plain-vanilla option since the price
path follows the geometric Brownian motion (GBM) and
varies without restrictions until the next market open. The
ramifications of the market close are not significant if we are
considering plain-vanilla options in the day. However, the
issue becomes more acute in the case of barrier options, not
only because the close of the underlying stock market forces
the option type to be plain-vanilla, eliminating the
possibilities of barrier crossing at night, but also affects the
final pricing of this special kind of barrier options involving
partial vanilla option characteristics during the whole
maturity time (see Fig. 1). To facilitate terms and descriptions,
we refer this special kind of barrier option as ‘BV option’.

This literature contains a systematic approach to solving
the pricing issue considering the cash market close with
consistent comparisons with the simulations results utilizing
Python scripts to guarantee the accuracy of the formulas and
the eventual values. In Section II, we review some
foundations for pricing European options with no dividend
payments [1-3].

In Section III, we further the method illustrated in Vitalis,
Suchaneck et al., [4] and integrate it to price the BV option
with a time maturity of one day. The important point is that
under no dividend payments and given that the option has not
been knocked out in the day, the barrier option turns into a
vanilla option at night to eliminate the knock-out possibilities.
Due to the fact that barrier options are weakly path-dependent,
the price is just a double-variable function of time and the
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current stock price. In the dividend-free Black-Scholes model,
the barrier option price is a one-dimensional integral of
Black-Scholes-type functions underpinned by a log-normal
density. With adjusted integration limits and contract pricing
functions, the integral can be evaluated numerically.
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Fig. 1. Graphical illustration of BV options. Here, it is a two-day BV
option.

Then, we move to demonstrate the deduced numerical
integration method can be modified to price the BV option
within two days, i.e., the market closes two times. The
following Section IV contains simulation results to illustrate
the accuracy of the results upon the applications of the
integration formulas deduced in the previous sections and we
will present an approximation approach to obtain the prices
of the BV options when the maturity time is three days or
above.

II. EUROPEAN OPTIONS ON NON-DIVIDEND-PAYING STOCK

This section reviews some approaches for pricing
European-type contracts underpinned by a non-dividend-
paying stock. In the presence of dividend payments, please
consult [4] and [5].

Consider a time interval [0, T] in which we examine the
stock price S at a deterministic time t € (0,T), i.e., the
market closing time. Let r = 0 denote the risk-free interest
rate and S¢e[o 1] be the stock price at time t. The application
of the geometric Brownian motion, or GBM, describes the
stock price under the risk-neutral measure. During the time
interval [0, T], the stock price evolution obeys GBM property,
i.e., the usual Black-Scholes model, except at the examination
time T, where the stock price can be manually affected such
as the change in the option type. Hence, we have:

dSt = TSt dt + O-St th, t e [0, T) V) (T, T] (1)

Sz =S¢ 2

here, Wiejor) is a standard Brownian motion in the Black-
Scholes model. Meanwhile, immediately before the time T,
denoted as T, S; depends on how the S,- is affected. For



International Journal of Trade, Economics and Finance, Vol. 15, No. 1, 2024

example, if a dividend is included, Eq. (2) can be modified as
S; = S;- — d, where d is the dividend, described in [4] and
[5] . Meanwhile, from risk-neutral valuation, the arbitrage-
free price F(t,S;) of a European option can be described as

3

Eq. (3) denotes the price at time t of a European option
with the payoff function @ and maturity time T —t. For
example, for a standard vanilla call option with strike price K
and maturity T, @ (S(7)) = (Sr-K)*. Here, t describes the
current time, S; for the current stock price, and E [(D (S (T))]
is the expectation value of the final payment starting from the
time t and evolving for T — t. Suppose we focus on the price
of a European call option at time t with strike K and expiry T
given that S; = s, using Eq. (3), we shall obtain C(t,s) =
e TT-VE[(S; — K)*|S, = s]. Referring to Eq. (1) and Eq.
(2), after picking up a time 7 for examination purposes, it is
noticed that the stock price follows GBM on [t,T] — the
price C(z, s) is, therefore, the common Black-Scholes price.
To compute the contract price at time 0, we simply do the
following modifications:

F(t,5,) = e TE[0(S(D))]

e TE[(S; — K)*] = e ""E [e—T(T—T)E[(sT - K)*,ST]]

e "E[C(z,S,)]
= e ""E[C(1, S;-)]

“

Thus, we can obtain the price of the European option with
strike K and maturity T at time 0 by examining an arbitrary
time 7 € [0, T] and considering the expectation value of its
price at time T with the corresponding stock price S;-. In fact,
the last expression is a single integral of the pricing function
C(t,s) multiplied by a log-normal density suggested by the
Black-Scholes model.

III. PRICING ONE-DAY, TWO-DAY BV OPTIONS AND THE
GENERALIZATION

Now that we can price a European option by constructing
integrals from a selected time 7 € [0,T], we extend this
approach to treat BV options with a maturity time of one day.
For simplicity, we focus on a down-and-out call option only,
but similar approaches can be easily seen for other contracts.

We compute the price at time 0 of a BV option with initial
price Sy, expiry T, strike price K, volatility o, barrier L, with
0 < L < K. The corresponding T-contract Z is written on a
non-dividend-paying stock as

®(S(T)) forallt € (7, T]
Z=49(Sx)) ifS(t) > Lforallte[0,1]
0 if S(t) < L for some t € [0, 1]

(&)

The time-T payoff is (S; — K)*. Meanwhile, we note that
for [0, 7], the option is a down-and-out barrier option, or an
absorbing process, with a time period t. Applying Eq. (4), we
show that the price P(t, s) for such a BV option at time 0 is,
by considering the absorption process in [0, 7],

P(0,S)) =e™E[C(r,S)] =e [ C(r,S)f(x)dx, (6)

where C(t, s) denotes the usual Black-Scholes price formulas

and f(x) denotes the density distribution of the absorbed
process. Inspired by [6] and [7], from [8] (Proposition 18.3),
we have the density distribution as

27(InSp—InL).

f(x) = @(x; 71 +InS,, ovT) — exp[— Jo(x; 7T — InSy + 2InL, ov/7)

o2

)Zf/dz 1) (x; T+ lng, U\/?)

= (%71 + InSy, 0VT) — (&

(7
. 1 o
where 7 =r — 502 ,  @(x;m,v) as a normal distribution

about x with mean m and standard deviation v. Hence, by
substituting Eq. (7) into Eq. (6) and with appropriate
transformations of variables, we show that P(0,S,) can be
illustrated as

P(0,So) = e (1(50) - (;—O)Zf’”z I (5)) ®),

where

_a?
2

I(s) = le) C (T, se(r >T+G\Ez> N'(2)dz, I(s) =

here, N'(-) denotes the density of the standard normal
distribution. The Eq.(8) corroborates [8] (Theorem 18.8). The
integral in Eq.(9) can be done using numerical computation
since the integrand is smooth and converges due to the factor
N'(). In the case of a pure vanilla call option (maturity T,
strike K, initial stock price S ), by letting L = 0, we have the
corresponding integral expression for the price at time 0,
110, Sy):

V(0,S)=eT[" C (‘L’, se(r_%>r+0ﬁz> N'(y)dy (10)

In the following part, we extend Eqs. (8-9) to derive the
pricing formula for two-day BV options.

First, we postulate that for the second day, the stock price
will evolve under the same combination of options as the first
day, i.e., the barrier option and the vanilla option, from which
we can assume the price path undergoes a periodic cycle
though with changing stock price at each time steps.
Compared to the one-day case, we aim to hold all other
parameters as constants such as volatility and market
open/close time length, thus its option price only depends on
the initial stock price Sy. Hence, we speculate that Sy can be
treated as a variable. Thus, if we can know the expression for
the starting initial price on the second day, we can substitute
it as Sy, in the Eq. (8). Hence, generally, we adopt this
treatment for the last day of the N-day BV option with S as
the starting stock price of the last day before the option
reaches its maturity time. Thus, to price this N-day BV option,
all we are left to deduce is the expression of the starting stock
price of the last day, i.e., the N** day. In this two-day case,
we adopt what has been proposed and re-denote S as s:

o= (1690771 (2))

o 1 .
where r=r—;az. Hence, if we can figure out the

(11)

expression of s, i.e., the expression of the stock price after the
initial stock price S, has evolved through the market open
period (the barrier-option period) and the market close period
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(the vanilla option period), the pricing formula for the two-

day BV option can be obtained. To achieve it, we exploit the

GBM property of the stock price. From GBM, we have the
2

distribution of InS; —InS; as ¢ [ (r — %) T,oNT ], where

@ (x; m, v) as a normal distribution about x with mean m and
standard deviation v.

In CT) = (r —%Z)T + oeNT

0

(12)

where € is a value drawn from a standard normal distribution.
Rearranging gives:

52
r— 7)T+ae\/7

ST = SO e ( (13)

Meanwhile, the existing condition of the starting price of
the last day is that the previous price path has not been
absorbed, implying that for the previous time period, we can
safely adopt Eq. (13) to describe how the stock price has
evolved. Based on the speculations, we reach the expression
for the last-day initial stock price s:

5(Sg, %, ) =SO[ )TB“"/EJ’] [e 2
where 75 and 7, denote how long the market remains open in
a day and how long the market remains closed in a day
respectively; y and x are the random variables in standard
normal distributions related to the barrier option period and
the vanilla option period respectively; S, denotes the initial

TV +o Tvx](14)

Sn (S0, X1, Y1, X2, Y25+ Xn—1, Yn—1) = So [e

|

[e (- )TB+U\/ﬁYN 1][

here, x;, y;,i = 1,2,---, N — 1 represent the random variables
in standard normal distributions related to the barrier option
period and the vanilla option period in each day. By analogy
to the previous approach, one can follow similar substitutions
and obtain the corresponding N-day BV option pricing
formula as indicated by the corresponding N-dimensional
integral.

108
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stock price at the beginning. Fig. 2 illustrates the meaning of
T and ty. Thus, the pricing formula for two-day BV options
is, after substituting Eq. (14) into Eq. (11),

Py(Sp) = e (12(50)—(—) ", (§)>; (15)

But I,(S,) involves a double integral of x and y
1,(Sy) = f:: leO)C (75,5(S0,%,¥))N' (VN (x)dydx; (16)

and the lower limit is

In
1,(Sp) = —2 (17)

here, x goes from —oo to o and y goes from [, (S,) to o0. In
other words, the pricing formula for two-day BV options is
exactly replacing Eq. (9) with Eq. (16)-(17) with the
increased dimension in the integral based on Eq. (14).
Revisiting the Eq. (14), one can easily see that it consists of
three parts: the initial stock price Sy, the GBM process for the
stock price under the barrier option when the market is open,
and the GBM process under the vanilla option when the
market is closed, which forms a cycle of how the stock price
changes through a complete day. Hence, generalising this
approach, we can revise Eq. (14) for the starting initial stock
price sy (So, X1, V1, X2, Y2, Xn—1, Yn—1) for the last day in
the N-day BV option:

a?)

o + a@yl] [

TV +o TVxl] X

Tv+Jﬁx2]... (18)

TV +0,\/TyXN- 1]

them with the proposed pricing integration equations before.
In the end, an approximation method for obtaining the BV
options with the maturity time three days or above will be
given. The Simulation parameters are shown in Table 1.

Table 1: Table of simulation parameters

Initial Stock Price 100 Strike Price 9
So K ’
Stock price simulation in a risk-neutral world under a down-and-out call option (Barrier effective partially)
110 § ’ — B;,ie, P,‘yce Barrier Level L 99 Volatility 0 0.30
i Risk-free Interest 0 Dividend 0
Rate 7 Payment D
. . . Market Open
Simulation Time .
1 day Time Length 15 hours
e Length T
T ) Tp
s, W i Vg Market Closed Time .
W e NN P et 9 hours Time Stepdt 30 seconds

Length Ty

©
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Fig. 2. Illustration of 1 and 1y in the two-day case. The green span
represents the time length of 1 and the white span represents the time
length of ty.

IV. EXPERIMENTS AND AN APPROXIMATION APPROACH

This section discusses the simulation results and compares

A. One-Day BV Option

Fig 3 illustrates a brief simulation plot of what the
simulated price paths look like for the one-day BV option.
When the market is open, if the path reaches the barrier level,
it will be absorbed. However, after the market has been closed,
the price path will not be absorbed even if it has touched the
barrier level. However, if it turns out to be lower than or equal
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to the barrier level at the time that the market opens the next
day, the corresponding price path will be knocked out.

The approach to obtain the option price via simulation is to
calculate the expectation value of the payoff at the end of the
option maturity time, given that the number of price paths for
simulation is large enough. The number of stock price paths
adopted is 20000 and the results are summarized in Table 2.
The error percentage is 0.770%. Via the comparison between
the simulated one-day BV option price and the theoretical
vanilla and barrier option prices, it can assure that the
simulation price is an acceptable value since it should be
cheaper than the plain vanilla option price while more
expensive than the plain down-and-out barrier option price.
The error percentage can be further minimized if a much
smaller time step is adopted.
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Fig. 3. Simulation stock price paths of the one-day BV option. S;=100,
K=B=99 and the number of paths is 15.
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Table 2. Table of the prices of an one-day BV option via simulation and the
integration formula. Both values are corrected to 7 significant figures. The
number of stock price paths in the simulation is 20000

Simulation Results
1.090705

Proposed Integration Formula
1.082305

Theoretical Down-and-out
Barrier Option Price
1.000000

Theoretical Vanilla Option Price

1.246788

110 Stock price simulation in a risk-neutral world under a down-and-out call option (Barrier effective partially)
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K =B =99 and the number of paths is 25.
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B. Two-day BV Option

Fig. 4 illustrates the simulation plots of the stock price
paths in the case of a two-day BV option. In addition to the
one-day BV option situation, when the market reopens the
next day, if the starting stock price of a path is below the
barrier level, the path is automatically knocked out.

Applying the same approach to the pricing of the two-day
BV options, we can arrive at Table 3. The simulation result is
an acceptable value since it is between the corresponding
theoretical vanilla option price and the down-and-out barrier

12

option price. The error percentage is 0.0858%.

Table 3. Table of the prices of a two-day BV option via simulation and the
integration formula. Both values are corrected to 7 significant figures. The
number of stock price paths in the simulation is 50000. The time step is
modified to be 1 second

Proposed Integration
Formula

1.1107215

Theoretical Down-and-out
Barrier Option Price
1.000000

Simulation Results
1.111675
Theoretical Vanilla Option Price

1.470243

BV Option Price against Simulation Days The Price Difference Among BV Options With Different Maturity

BV Option Price
Price Difference

Simulation days Addition of Maturity Time in Days

Fig. 5. The plot on the left illustrates the trend between the option prices and
the N-day BV options, where N=1, 2, ..., 10. The plot on the right illustrates
the option price changes as the number of simulation days increases. An
optimized curve is fitted on the plot with the exponential model Ae™, A, B
€ R.

C.

As discussed previously, the option price can be obtained
through the proposed method in utilizing integration formulas.
However, as we proceed towards the BV options with more
days, the integral dimension will increase up to N, which
implies that it will be time- consuming if we insist on
adopting this method for pricing BV options. The normal
time to compute a two-day BV option is already more than
one hour via Python and hence it will be much longer to
compute for the BV options price with three days or above.
Therefore, it is necessary for us to seek another way to
compute the option price not necessarily accurately but
approximately. The method is through a curve-fitting method.

Suppose we have already obtained the first few cases of
BV options with N=1, 2, ..., 10, we can calculate the
difference in the option price among each consecutive case to
attain the option price change when we continue to simulate
for another additional day in the hope to look for patterns. The
right plot in Fig. 5 shows such a fitted curve. The curve
adopted the non-linear regression exponential model AeBt,
where A,B € R. Through the curve-fitting optimization
Python program, it is found that A = 0.0343579 +
0.0032315 and B = —0.3169705 + 0.0367645 . The
errors in the parameters are 44 = 9.4% and AB = 11.6%.
Hence, with this curve, we can make approximations about
the price of BV options with a long maturity time. For
example, if we would like to calculate the price of a fifteen-
day BV option, without consuming too much time on a
Python program, we have P;s = P; + X4, AeBt, where P,
denotes the fifteen-day BV option price and P; denotes the
one-day BV option price.

An Approximation Method

V. CONCLUSION

An extension and modification of the approach in [4] is
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presented in this paper to give the pricing formula of the
special down-and-out barrier option with the condition that
the market closes on a non-dividend-paying stock. We
proposed the pricing formula for the one-day BV option and
extended it to the two-day case, from which we generalised it
to the N-day case with the suggested approximation method
to approximate the option price in the case of a very long
maturity time. The approach in this paper is also valid for one-
touch options and relevant variants such as other single-

barrier options (down or up, call or put, in or out, for example).

If the dividend payment is included, one can refer to [9] and
modify Eq. (8) and Eq. (15) based on the approach proposed
by [4] and thus obtain the pricing formulas with the
conditions that the market closes and that the dividend
payment exists. Moreover, this paper actually presents a
pricing method of an integrated option type that consists of
different fundamental options like Barrier and Plain-Vanilla
options. Hence, one can also extend this reasoning to include
more types of options to make the final pricing integral more
general. Besides, in this study, we did not consider the effect
of the presence of volatility on the special barrier option,
which was assumed to be zero. However, one can refer to [10]
for it. One of the potential limitations is the time it takes to
obtain the results, since, as we increase the number of days,
the dimensions of the pricing integral also increase. Hence, it
will take much longer time to get the results and to solve this
issue, an approximation method is proposed in the article.
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