
  

  
Abstract—Cumulative count of conforming (CCC) chart has 

been shown effective for high-yield processes with very low 
fraction of nonconforming items. Traditional CCC chart 
assumes the products from a process are inspected item by item. 
Recently, the CCC chart was generalized to conform to the 
industrial practice where items are inspected sample by sample 
without according to the production order. Different from the 
traditional chart, the generalized CCC chart monitors the 
cumulative count of samples until a nonconforming sample is 
encountered. In order to improve the power of the generalized 
CCC chart to detect process changes, this study applied the 
control scheme of variable sample size (VSS) to the generalized 
CCC chart. The average time to signal (ATS) process change of 
the proposed chart was derived by Markov chain approach and 
taken as performance measure to evaluate its statistical 
efficiency. Performance comparisons between the proposed 
chart and generalized CCC chart are made to evaluate its 
usefulness. 
 

Index Terms—Cumulative conformance count, variable 
sample size, markov chain.  
 

I. INTRODUCTION 
The control chart is one of the primary statistical process 

control tool for improving and maintaining quality and 
productivity of modern manufacturing industries. The use of 
a control chart is to detect the assignable causes in the process 
as early as possible and help to remove them. Adaptive 
control charts are ones with an adaptive control scheme that 
allow at least one of their parameters (sampling size, 
sampling interval, and control limits) to adapt, depending on 
the indication of sample statistic on the chart. The use of 
adaptive control schemes is to improve the time required for 
detecting process changes and reduce its cost. Up to now, 
most of the works on adaptive control charts focus on the X  
charts. The variable sampling intervals (VSI) X  chart was 
initiated by Reynolds, Amin, Arnold & Nachlas [1]. 
Subsequently, Reynolds [2], Amin & Hemasinha [3] and 
Amin & Miller [4] studied in depth the properties of the VSI 
X  charts. Prabhu, Runger & Keats [5] and Costa [6] studied 

the properties of the variable sample size (VSS) X  charts. 
The properties of the charts with variable sample size and 
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variable sampling interval (VSSI) were further studied in 
many papers (e.g., [7]-[9]). The use of adaptive parameters 
has also applied to other variable charts, such as the EWMA 
charts [10], CUSUM charts [11], RX −  charts [12], and 
multivariate charts [13], [14]. 

While there are several studies on adaptive control chart 
for variables, it is seldom to find the studies on adaptive 
control chart for attributes. However, it has been shown that 
the control scheme of adapting parameters is capable of 
improving the performance of the control chart for attributes 
as well (e.g., [15]-[19]). 

Due to the rapid growth of automated technologies, many 
production processes today are producing a very low level of 
nonconforming items. In view of this, the cumulative 
conformance count (CCC) chart has received many attentions 
from the industry (e.g., [20]-[22]). Traditionally, it is 
assumed that the products from a process are inspected item 
by item or sequentially in the order of production when 
implementing the CCC chart. However, in view of a large 
production volume, an economy of scale or easy in group 
inspection, there are practical situations where products from 
a process are inspected sample by sample or lot by lot, 
without preserving the original ordering of production [23]. 
In such circumstances, the traditional CCC chart is no longer 
applicable. To adapt to this case, Zhang et al.[23] proposed a 
generalized CCC chart to monitor the cumulative number of 
samples until a nonconforming sample is encountered. The 
generalized CCC chart can reduce to the traditional CCC 
chart if the sample size equals 1. 

In this paper, we extend the variable sampling scheme to 
the generalized CCC chart. Note that in the CCC chart each 
time a sample is inspected one may not obtain a data point of 
the chart statistic as in the traditional Shewhart-type chart. 
Therefore, we assume sampling at fixed times and only 
discuss the generalized CCC chart with the VSS scheme by 
administrative considerations. 

 

II. THE VSS-CCC CHARTS 
Consider a situation where products from a process are 

inspected sample by sample without according to the original 
ordering of production. We name a sample nonconforming if 
it contains one or more nonconforming items and conforming 
if it contains nonconforming items. Assume the fractional 
nonconforming of the process is p  and the sample size for 
each sampling inspection is n .  

Then the probability that a sample is nonconforming in 
in-control state is given by  
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Fig. 1. The charting and decision procedure for the VSSCCC  chart.

For a high-yield manufacturing environment, the values of 
p  is assumed very small and thus np  is also small. Let X  

be the number of samples inspected until a nonconforming 
sample is detected. Then X  is coming from a geometric 
distribution with distribution function )(xF : 

 

 
When a generalized CCC chart is applied to monitor the 

process parameter p , the values of X  are calculated and 
plotted over time on the chart with the upper control limit 
(UCL) and lower control limit (LCL). In a generalized CCC 
chart, X  plotting below the LCL indicates a possible 

deterioration of the process, while X  plotting beyond the 
UCL indicates the process is better and the fraction of 
nonconformance is smaller, therefore, we shall only focus on 
a low-sided chart because it is usually more concerned in 
practice. Besides, as the geometric distribution is highly 
skewed when the parameters np  is very small, the chart 
employs probability control limits instead of using the 
traditional three sigma as control limits to increase its 
efficiency [24]. Let α  be an acceptable rate of false alarm, 
according to the suggestion of probability control limits the 
LCL can be determined by αX =< LCL}Pr{ (or 

αp n =−− −× )1(LCL)1(1 ). As the geometric distribution is 
discrete, the control limit could be rounded to integers and 
calculated by. 
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where [y]  stands for the largest integer not greater than y . 

The true false alarm rate 'α  getting from the rounded control 
limit may be not exactly equal to α , but it is extremely close 
when p  is very small [18].  

For the generalized CCC chart, the time between 
successively inspected samples is treated as the sampling 
interval (saying h ). The sample size, sampling interval 
length, and control limit are fixed without any change 
through the process. The generalized CCC chart can reduce 
to standard one if the sample size is 1, i.e., the case that items 
are inspected one by one in the order of production. 

The VSS CCC chart (namely the VSSCCC  chart) is a 
modification of the generalized CCC chart. Let 1n  and 2n  
be the minimum and maximum sample sizes, respectively, 
such that 21 nnn ≤≤  while keeping the sampling interval 
fixed at h  for the administration consideration. The decision 
to switch between the maximum and minimum sample size 
depends on position of the prior sample point on the control 
chart. If the prior sample point falls in the safe region, the 
minimum sample size 1n  will be used for the current sample 
point; if the prior sample point falls in the warning region, the 
maximum sample size 2n  will be used for the current sample 
point. Finally, if the prior sample point falls in the action 
region, then the process is considered out-of-control. Here 
the safety, warning and action regions are given by the 
warning limit( WL ) and the lower control limit ( LCL ): 
safety region is given by ),(WL j ∞ , warning region is given 

by ]WL,(LCL jj , and the action region is given by 

]LCL(0, j , where 1=j  if the prior sample point comes from 
the small sample, whereas 2=j  if the prior sample point 
comes from the large sample. Consequently, 21 WLWL ≥  
and 21 LCLLCL ≥ . For the sake of simplicity, we assume 

jWL  is selected such that 
 

 
where τ  is the probability allocation determined by users.  

As the warning limit and lower control limit are varied 
depending on the value of X , we follow the idea of Costa 
[25] to construct a control chart with two scales: one on left 
hand side and the other on the right hand side. The point 
obtained from the minimum sample is plotted according to 
the left scale, whereas the one obtained from the maximum 
sample is plotted according to the right scale. Because the left 
scale is not proportional to the right scale, we further break 
the left scale referring to Costa [25] and plot the point inside 
the right region. In this way, the effort to monitor a process 
with the VSSCCC  chart or with the generalized CCC chart is 
almost the same. 

Fig. 1 shows the charting and decision procedure for the 
VSSCCC chart. To give additional protection against 

problems that arises during start-up, the initial sample size is 

set to be the maximum sample size 2n , and thus the warning 
limit and lower control limit are 2WL  and 2LCL  
respectively to tighten the control. The charting and decision 
procedure is similar to that of the generalized chart except 
that the adaptive control: tightened or loosened depends on 
the position the current point falls. 

 

III. PERFORMANCE MEASURE 
Average time to signal ( ATS ) is the most commonly used 

measure to evaluate the statistical performance of different 
control charts when the lengths of time interval between two 
successive sample points are not fixed and equal for the 
compared charts. When the process is in-control, the larger 
the value for ATS  the lower the false alarm rate; whereas 
when the process is out-of-control, the smaller the value for 
ATS , the quicker the speed it takes the chart to detect the 
increase in the fractional nonconforming.  

Due to the memoryless property of the geometric 
distribution, the ATS  performance for the VSSCCC  chart 
can be determined by the Markov chain approach [26]. At 
each sample point, one of the following states can be reached: 
State 1: ∈X  safety region, State 2: ∈X  warning region, and 
State 3: ∈X  action region. States 1 and 2 are transient states 
and State 3 is an absorbing state. The transition probability 
matrix is given by 

 

 
Where 
 

1111 WLWL
1111

)(1])(1[11      
}WLPr{1}WLPr{

×× −=−−−=
≤−=>=

nn pp
XXp

; 

1211 WLLCL
1112

)(1)(1       
}WLPr{LCL

×× −−−=
≤<=

nn pp
Xp

; 

121113 1 ppp −−= ; 
22 WL

221 )(1}WLPr{ ×−=>= npXp ; 

2222 WLLCL
2222

)(1)(1       
}WLPr{LCL

×× −−−=
≤<=

nn pp
Xp

; 

222123 1 ppp −−= . 
 

Note that the notation p  in above formulae stands for the 
fractional nonconforming of the process: 0pp =  means the 
process is in-control while 1pp =  means the process is 
out-of-control. By the elementary properties of the Markov 
chain, 
 

 
where )( 21, rr=r  is the vector of initial probability for states 
1 and 2 such that 121 =+ rr  (In this paper, the vector r  is set 
as (0, 1) to provide a tightening control to prevent problems 
that are encountered during start-up); I  is the identity matrix 
of order 2; Q  is the transition matrix P  where elements 
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associated with the absorbing state are deleted; and 

⎟
⎠
⎞⎜

⎝
⎛=

21 nn p
h

p
h ,t  is the vector of average time required to 

encounter the next nonconforming sample when arriving at 
one of the two transient states 1 and 2. Consequently, 
 

 
where 12212211 ))(1(1 ppppA −−−= .                     

For the generalized CCC chart, the ATS  can be reached 
by letting 021 nnn == , 11 LCLWL = , 22 LCLWL = , and 

21 LCLLCL = , which imply 02212 == pp  and 2111 pp = .  
 

IV. CHART DESIGNING 
In order to evaluate the performance of the VSSCCC  chart, 

it is necessary to design the VSSCCC  chart to match the 
generalized CCC chart with equal conditions. That is, they 
require the same average number of items inspected ( ANI ) 
until the appearance of a false alarm and the same in-control 
ATS (denoted by 0ATS ) to ensure the process is under 
control for most of the time. To do so, we first give the value 
to one of 1n  and 2n , and seek the values for another and 
probability allocation τ  to obtain an average sample size 0n  
when the process is in-control: 

 

 
This requirement is to ensure the averaged sample size are 

the same for compared charts. As the lengths of sampling 
interval for both charts are fixed and identical. If the 
parameters of 1n , 2n , and τ  are specified to make sure both 
charts have the equal 0ATS , then the compared charts will 
have the same ANI  until the appearance of a false alarm. 
Accordingly, the procedure for designing the VSSCCC  chart 
to match the generalized CCC chart is summarized as 
follows: 
Step1. Given the values for α , h , 0n  and 0p . 
Step2. Choose the value for 1n ( 0n≤ ) and determine the 

rounded maximum control limit 1LCL  by (3): 
 

 
Note that 0pα >  is required to get a meaningful 1LCL (i.e., 

1LCL ≥ 1). 
Step3. Determine the value for 2n ( 0n≥ ) such that both 

charts have almost the same in-control ATS (denoted 
by 0ATS ). The search for 2n  can be conducted as 
follows. 

Step3-1. Let 2n  start with 0n . 
Step3-2. Determine the rounded minimum control limit 

2LCL by 
 

 
while determine the probability allocation τ  by 
 

 
Step3-3. By means of equation (4) determine the rounded 

warning limits: 
 

]
)1(

)1(LCL)1(
[WL

0

0
j plnn

plnnτln

j

jj

−×
−××+−

= , 21, j =  (12) 

 
Step3-4. Calculate the 0ATS  for both charts by equation 

(6). If the values are almost the same then stop. Otherwise, let 
2n = 12 +n  and go to Step 3-2 until 2n  attains the acceptable 

upper bound. 
Due to the rounded warning /control limits to integers, the 

conditions (9), (10) and (12) may be not exactly held. 
However, it should be achieved when 0p  is very small. 

 

V. COMPARISONS BETWEEN CHARTS 
Once the VSSCCC  chart is designed to match the 

generalized CCC chart with equal in-control conditions, the 
out-of-control ATS performance (denoted as 1ATS ) will be 
calculated by (6) to evaluate the efficiency of the 

VSSCCC chart, which is defined as the percentage of 

improvement (PI) in 1ATS : 
 

100%
chart) (CCCATS

chart) (CCCATSchart) (CCCATS
PI

1

VSS11 ×
−

= (13) 

 
when PI is less than or equal to 0, the 1ATS  of the 

generalized CCC chart is less than or equal to that of the 
VSSCCC chart, which means the VSSCCC chart is inefficient. 

Oppositely, when PI is greater than 0, the 1ATS  of the 
generalized CCC chart is greater than that of the 

VSSCCC chart, which means the VSSCCC chart is efficient. 
The larger the PI, the better the efficiency of the 

VSSCCC chart.  

Let α =0.005, h =1.0, 0p = 6105 −× , we compare the 
matched VSSCCC chart and the generalized CCC chart in 
terms of the percentage of improvement (PI) in 1ATS  for the 
following cases: 0n =10, 15 and 20. In each case, the value 
for 1n  is given to find the value for 2n (e.g., in the case of 

0n =10, when the value of 1n  is given by 1, the value of 2n  
is 503 to match the VSSCCC chart with the generalized CCC 
chart.) A simple computer program for EVOLOVER4.0 was 
written to search for 2n . Table I provides the comparison 
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results for different degrees of changes in the fractional nonconforming. 
 

TABLE I: VALUES OF PI (%) BY THE VSSCCC  CHART UNDER α =0.005, h =1 AND 0p = 6105 −×  

0n  )( 21,nn  Shifts (= 01 pp ) 
1.0 2.0 3.0 4.0 5.0 6.0 7.0 8.0 9.0 10 20 50 

10 (1, 503) 0 2 2 3 4 4 5 6 6 7 14 36 
 (5, 502) 0 1 1 1 1 2 2 2 2 3 6 15 
 (9, 403) 0 0 0 0 0 0 1 1 1 1 2 4       

15 (1, 509) 0 4 5 6 7 8 9 11 12 13 25 57 
 (7, 503) 0 2 3 3 4 4 5 6 6 7 12 30 
 (14, 352) 0 1 1 1 1 1 1 1 1 1 1 2       

20 (1, 510) 0 4 5 7 9 10 12 14 15 17 33 69 
 (10, 502) 0 1 2 4 5 6 7 8 9 10 19 39 
 (19, 82) 0 1 2 3 4 5 5 6 7 8 16 39 

From Table I, it can be found that 
(1) The greater the shift in the fractional nonconforming 

01 pp , the larger the value for PI, and the more efficient 
the VSSCCC  chart as compared with the generalized 
CCC chart. 

(2) The greater the difference between the lengths of 1n  and 

2n , the larger the value for PI, and the more efficient the 

VSSCCC chart as compared with the generalized CCC 
chart. 

(3) The larger the value for averaged sample size 0n , the 
larger the value for PI, and the more efficient the 

VSSCCC chart as compared with the generalized CCC 
chart. 
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Fig. 2. The trend of PI (%) values for different false alarm rates. 

 

 
Fig. 3. The trend of PI (%) values for different in-control fractional 

nonconforming. 
 

To further investigate the effects of the averaged false 
alarm rate ( α ) and the fractional nonconforming ( 0p ) on the 

trend of the PI (%) values for different process shifts, we 
fixed 100 =n  and 1n =1 in accordance with the finding from 
Table I, and only changed one of α  and 0p  at a time. Fig. 2 
and 3 depict the trends of PI (%) against different false alarm 
rate and original fractional nonconforming, respectively. As 
we can see, the trend of PI (%) values is affected by both of 
the false alarm rate and original fractional nonconforming: 
the value for PI increases as the false alarm rate decreases or 
as the original fractional nonconforming increase. In other 
words, the VSSCCC  chart is more efficient when the false 
alarm rate is small or when the original fractional 
nonconforming is not extremely small. 

VI. INDUSTRIAL EXAMPLE 
Assume an injection molding process that produces the 

micro-prism array of optical element by way of the three 
stages: filling, packing, packing and cooling. The surface 
roughness of the product directly impacts its surface quality. 
Thus, the mould’s should be polished to ensure it within the 
specification. Once the parameter selection is complete and 
the machinery is stabilized, the process can move on to fully 
automated production. In such a manufacturing environment, 
the yield of the process is very high. Generally, the fractional 
nonconforming 0p  is at the level of 6105 −× . For most of 
time the process stays in the in-control state, but occasionally 
the fractional nonconforming shifts from the original level. 
The items are manufactured lot by lot. The lot size is 1200 
items and the cycle time for each item is about 3 seconds, so it 
needs about two hours for a lot ( h =1.0). Due to economy of 
scale a sample of size 20 ( 0n =20) is taken from each lot and 
inspected without preserving the original ordering of 
production. In such circumstance, a generalized CCC chart is 
employed to monitor the cumulative number of samples X  
until a nonconforming sample is met.  The X values are 
plotted on the chart with lower control limit placed at 

)]1()1([LCL 0
-1
0 pln/αlnn −−×= =50. 

As the speed with the generalized CCC chart to detect the 
process shift is low, the process engineer is planning to 
monitor the process by adding a VSS feature to the 
generalized CCC chart. The new plan puts a warning limit in 
the VSSCCC  chart to identify when to shift from one sample 
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size to another (see Fig. 4). By choosing 1n =1, the value for 

2n  is determined by 510 to match the generalized CCC chart. 
Meanwhile, this plan varies the warning limit WL  and the 
lower control limit LCL  between two values:  (8461, 15) for 

)WL,(WL 21 ,   (1002, 1) for )LCL,(LCL 21 . Accordingly, if 
the current X  value falls into the safety region, the minimum 
sample size of one item will be used until the next 
nonconforming sample appears; oppositely, if the current X  
value falls into the warning region, the maximum sample size 
of 510 items will be used until the next nonconforming 
sample appears. The process is stopped if the X  value falls 
into the action region. 

 

 
Fig. 4. The VSSCCC  chart from the example. 

 
TABLE II: A SET OF DATA FROM THE EXAMPLE 

Defect 
 Sequence X 

R/L 
scale

? 

Defect  
Sequence X 

R/L 
scale
? 

1 81132 R 16 64745 R 
2 190696 L 17 290503 L 
3 532190 L 18 786173 L 
4 86199 L 19 410382 L 
5 79594 L 20 502335 L 
6 50787 L 21 130186 L 
7 162332 L 22 19783 L 
8 98322 L 23 356576 L 
9 8104 L 24 168452 L 

10 92770 R 25 274622 L 
11 211254 L 26 202861 L 
12 60761 L 27 252520 L 
13 485795 L 28 343616 L 
14 96833 L 29 4011 L 
15 7133 L 30 98110 R 

 
Table II shows a set of data from the process. The 

VSSCCC  chart based on the data set is shown in Fig. 4. The 
left scale in the chart with the warning limit of 8461 and 
lower control limit of 1002 is used when the X  values 
obtained from small sample. On the other hand, the right 
scale with the warning limit of 15 and lower control limit of 1 
is used for X  values from large sample.  The VSS feature 
improves the efficiency of the generalized CCC chart in 
terms of the out-of-control ATS performance. When the level 
of fractional nonconformance shifts from the original level to 

5105 −× , the ATS of the VSSCCC  chart in the plan is the 
83% of that of the generalized CCC chart. 

VII. CONCLUSION 
Zhang et al. (2008) generalized the CCC charts to 

accommodate to situations where products are inspected 
sample by sample without preserving or according to the 
production ordering. This paper extended Zhang et al.’s work 
by adding the feature of VSS to the generalized CCC charts. 
Since it allows the sample size changeable depending on the 
indication of sample statistic on the chart, the VSSCCC chart 
can detect increase in the nonconforming rate more quickly, 
and thus reduce the average count of nonconforming items 
from the process. In addition, the greater the increase in the 
fractional nonconforming, the greater the improvement on 
the performance of the generalized CCC charts by the 
matched VSSCCC chart with equal in-control ATS. On the 
other hand, when the shift in the fractional nonconforming 
remains constant, the efficiency of VSSCCC chart can be 
enhanced by increasing the difference between the sample 
sizes or by decreasing the false alarm rate.  
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