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A New Customer Lifetime Duration Distribution:
The Kumaraswamy Lindley Distribution
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Abstract—Companies are viewing customers in terms of
their lifetime duration. Customer lifetime duration is a
powerful and straightforward measure that synthesizes churn
(attrition) risk at individual customer level. For existing
customers, customer lifetime duration can help companies
develop customer loyalty and treatment strategies to maximize
customer value. In this study, based on the Kumaraswamy
distribution, the Kumaraswamy Lindley distribution is studied.
Some mathematical properties of Kumaraswamy Lindley
distribution such as moments, hazard function, quantile
function, skewness, Kkurtosis are derived. The method of
maximum likelihood is used to estimate the model parameters
and the observed information matrix is derived. An application
of our results is provided to show the applicability of this
distribution, especially for customer lifetime duration.
Therefore, the proposed distribution can be a useful tool to
analyze customer lifetime duration in marketing research.

Index Terms—Customer lifetime, Kumaraswamy
distribution, Lindley distribution, moments, maximum
likelihood estimation, marketing research.

I. INTRODUCTION

The Lindley distribution is introduced by Lindley in 1958
as a one-parameter distribution 6 > 0 . Its probability
density function(pdf) is given by

6? —-0x
g(x) = = (1 +x)e™™. M
Note that this distribution is a mixture of exponential and
gamma (2,0) distributions. The corresponding cumulative
distribution function (cdf) is given by

Ox
6+1

G(x)=1—e‘9x[1+ ] x>0, 6>0 Q)

Ghitany et al. [1] discussed various properties of this
distribution and showed that the Lindley distribution
provides a better model than the exponential distribution in
many ways. A discrete version of the Lindley distribution
suggested by Deniz and Ojeda [2] based on an application
related to insurance. The Lindley mixture of Poisson
distribution is obtained by Sankaran [3]. Ghitany et al. [4],
[5] obtained size-biased and zero-truncated version of
Poisson-Lindley distribution. Ghitany and Al-mutairi [6]
discussed various estimation methods for the discrete
Poisson-Lindley distribution. Bakouch et al. [7] proposed an
extended Lindley distribution. Mazucheli and Achcar [8]
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discussed the applications of Lindley distribution to
competing risks lifetime data. Ghitany et al. [9] developed a
two-parameter weighted Lindley distribution and discussed
its applications to survival data. Recently, Zakerzadah and
Dolati [10] and Elbatal et al. [11] have obtained the
generalized Lindley distribution and the Kumaraswamy
Quasi Lindley distribution, respectively.

Although some studies have been conducted for the
Lindley distribution, the Kumaraswamy distribution is not
very common among statisticians and has been little
explored in the literature. If G(x) is the baseline cdf of a
random variable, the cdf of the Kumaraswamy-generalized
(Kum-generalized) distribution,

Fx)=1-1-6(x))P’0<x<1 3)

where a >0, b >0 are shape parameters. Then, the
corresponding pdf is given by

f() = abg(x)G(x)* (1 = G(x)*)*™* 4)

Note that Eq. (4) can be unimodal, increasing, decreasing
or constant, depending on the parameter values.

As mentioned before, the Kumaraswamy distribution
does not seem to be very familiar to statisticians or
economists and has not been investigated systematically in
much detail before, nor has its relative interchangeability
with the beta distribution been widely appreciated. On the
other hanf, in a very recent paper, Jones [12] explored the
background of this distribution. Several advantages of the
Kumaraswamy distribution over the beta distribution is
listed: the normalizing constant is very simple; simple
explicit formulae for the distribution and quantile functions
which do not involve any special functions; explicit
formulae for L-moments and simpler formulae for moments
of order statistics. Besides, according to Jones [12], the beta
distribution has the following advantages over the
Kumaraswamy distribution: simpler formulae for moments
and moment generating function (mgf); a one-parameter
sub-family of symmetric distributions; simpler moment
estimation and more ways of generating the distribution via
physical processes.

In this study we combine the Kumaraswamy distribution
and the Lindley distribution and derive some statistical
properties of this distribution to show the applicability in the
customer lifetime duration in marketing research.

II. KUMARASWAMY LINDLEY DISTRIBUTION

In this section we introduce the Kumaraswamy Lindley
(KL) distribution. Using (2) in (3), the cdf of the KL is
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given by

Fo,(¥) = 1—[1 = G()?"1 - {1 - (1 — e 0% [1 +
b

)} ©)
From (5), we have
fer(x) = abg(x)G(x)* 1 - G(x)*]"*
= ab (e o) (1- e [14 Z]) T [1 -
(-eofir 2] ©

Note that the Kumaraswamy Lindley is very flexible
distribution that approaches to different distributions for
some special values of the parameters which is given below:
If a = b = 1, then (1) gives the Lindley distribution.

Ifa=>b =1, then (1) gives the gamma distribution

[ ]
]
with parameters (2, 0)

Using (6), we obtain the survival function of the KL
distribution is

S =1-F@x) =1 —{1 - (1 — e % [1 +
e

Then, the hazard function corresponding (7) is given by
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Fig. 1. Pdf of Kumaraswamy Lindley Distribution (fy, (x; a, b, 6)).
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Fig. 2. Cdf of Kumaraswamy Lindley Distribution (Fg, (x; a, b, 8)).

Plots of the probability density, cumulative distribution
and survival functions for the several values of the
parameters are presented in Fig. 1, Fig. 2 and Fig. 3,
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respectively.
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Fig. 3. Hazard function of Kumaraswamy Lindley Distribution
(hgy(x;a,b,0)).
III. SOME PROPERTIES OF KUMARASWAMY DISTRIBUTION

The generalized binomial theorem can be used for the
expansion of the pdf for the KL distribution. The
generalized binomial theorem is given by

(1-a)f = i(—l)i(ﬁ A Da,  p>0, lal<1
i=1

Then, using the generalized binomial theorem we get

1+g—"]j

_ 2 —0(+1)x
f(x) = w;jab o (1+x)e [ o

()

The pdf in (9) shows that the KL density can be written in
terms of a mixture of Lindley densities.

We now consider the quantile function of the KL. The
KLquantile function, sayQ(u) = Fgl(u) = x, is computed
by inverting (5). Then, we have

©)
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The equation in (10) can be solved for x using methods of
solving non-linear equations. In this study, we solved (10)
using a R Project’s function as “unmiroot”. Then, an
application of (10) is presented n Table I.

We hardly need to emphasize the necessity and
importance of moments in any statistical analysis especially
in applied work. Some of the most important features and
characteristics of a distribution can be studied through
moments (e.g., tendency, dispersion, skewness and
kurtosis). Now we discuss the non-central moments of the
KL distribution.

The rth non-central moment of the KL distribution is
given by

u—1+{1-(1-e[1+ (10)

t(x) =EX") =
T(r+k+1
Wik [9( (reked)

[9(j+1)]r+k+1
where w . is defined as

[(r+k+2)
[9(j+1)]r+k+z

)

(11)
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O

We are now ready to obtain skewness of the KL
distribution using the non-central moments of X as follows:

i Zj:ab i (P

i,j=0 k=0
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Similarly, the kurtosis of the KL distribution can be
derived by means of the non-central moments as follows:

. ;o 2 ' 4
My — Auapiz + 64y Py — 31
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Let us point out that the skewness and kurtosis of the KL
distribution can be derived by quantiles. The Bowleys’
skewness [13] and the Moors’ kurtosis [14] is based on (10)
are given by

Q(3/4) —2Q(2/4) + 0(1/4)

B =

QB/4) —-01/4)
and
M= Q(7/8) —Q(5/8) —Q(3/8) + Q(1/8)
Q(6/8) —Q(2/8)

We write an easy code in R Project for the computation of
skewness and kurtosis. Then, the skewness and kurtosis of
the KL distribution for the some values of the parametersare
shown in Table L.

TABLE I: THE VALUES OF THE SKEWNESS (B) AND KURTOSIS (M) FOR THE
SEVERAL VALUES OF THE PARAMETERS

u Q(w) =x B M

1/8 2.67925

2/8 3.36083
a=4 3/8 3.93215
b=2 4/8 4.49128 0.08697 0.23554
=05 5/8 5.09832

6/8 5.83710

7/8 6.93447

Now consider the mgf of the KL distribution. Let us show
that mgf can also be obtained as

0

M (D) = E(et™) = f e fy (x)dx

0

= wie [0 ([e(/i(ﬁ; —1z]k+1
rek+2)
[0G + 1)]k+2>]

Note that the one can obtain the skewness and kurtosis of
the KL distribution using mgf given above. Now we are
ready to introduce the maxiumum likelihood estimation of
the KL distribution.
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IV. MAXIMUM LIKELIHOOD ESTIMATION

In this section, the maximum likelihood estimation
(MLE) of the parameters of the KL distribution is derived.
The likelihood function for the parameters is given by

n n

= (ab eiz 1) [1[ (@ +x)e0Zx) (1
—e [1 o+ 1] [
(o))

and so the log likelihood function is obtained as

logL =nloga+nlogb + 2nlogf —nlog(6 + 1)
n n

+Zlog(1 +x;) — BZx,-
i=1 i=1
. Ox;
_ — o 0x; !
+(a 1)Zlog[1 e (1 + o 1)]

b - 1)2 log [1 e (1 96: 1)}]

The log likelihood function is maximized by solving
nonlinear linear likelihood equations obtained by
differentiating log likelihood function. Then, the first order
partial derivatives with respect to three parameters are

: ?SL =g+ Zn log 1= e (1+ egfl)]
a
g )
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TABLE II: THE PARAMETER ESTIMATES OF THE KL DISTRIBUTION FOR THE
SEVERAL VALUES

Generated Parameter Parameter Estimates

a=5b=020=15
a=3,b=056=2
a=2,b=3,6=10

a=499,b=028,60=0.92
a=6.59b=0260=251
a=771,b=0.256 = 5349

Then, the MLEs of the parameters are obtained by setting
these above equations to =zero and solve them
simultaneously. For this aim, the R Project is used to obtain
MLE of the unknown parameters. We generated 20000 data
from the KL distribution with some arbitrary parameter
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values. Our aim is to estimate the parameters using the R
Project’s function “multiroot” which solves the nonlinear
equation systems. Then, the results are presented in Table II.

As seen in Table II, some parameters of the KL
distribution is not well-estimated. This is the result of the
function is not guaranteed that the method will converge to
the root and different initial guesses may return different
roots. On the other hand, another function “n/m” can be
used to estimate parameters, alternatively. This function
arries out a minimization of a function using a Newton-type
algorithm. So, it obtains the parameters by minimizing -
log L. We alsoperform this function and the better results are
obtained for the known values of other parameters. The
results of the “nlm” function is presented in Table III.

TABLE III: THE RESULTS OF PARAMETER ESTIMATES OF THE KL
DISTRIBUTION USING “NLM” FUNCTION

Generated Parameter Known parameter Parameter

Estimates
a=4b=2,0=05 a=4b=2 6 = 0.49
a=2b=2606=3 b=20=3 a=234
a=15b=40=3 a=1560=3 b =4.62

The customer lifetime should follow the KL distribution
in survival analysis. In the case of sequential withdrawal of
the customer, we model the time between first cancellation
notification and the final complete withdrawal by assuming
that there is a baseline distribution for the time a customer
will take for defection, and that the relative risk of an
individual customer defecting completely changes from this
baseline according to their particular set of individual
household covariates. In the numerical applications
presented above, we can assume that the KL distribution is
suitable to the customer duration time. By this way, we can
obtain expected customer duration time, the pdf of the
customer duration, and some statistical properties of the
customer duration time.

V. CONCLUSION

The well-known Lindley distribution extended by
introducing two extra shape parameters, thus defining the
Kumaraswamy Lindley distribution having a broader class
of hazard rate functions. This is achieved by taking (1) as
the baseline cumulative distribution of the generalized class
of Kumaraswamy distributions defined by Cordeiro and de
Castro [15].

A study on the mathematical properties of the new
distribution is presented. We obtain the moment generating
function, ordinary moments, skewness, kurtosis, hazard and
survival functions. The estimation of the model parameters
is approached by maximum likelihood and the observed
information matrix is derived. We also provide some
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numerical application of our findings. We hope that the
proposed model may attract applications of customer
lifetime duration in marketing researches.
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